Abstract. Let F be a non-Archimedean local field with residue field of cardinality at least 3. For a non-cuspidal Bernstein component s of GL3(F ), we show that all the typical representations of the maximal compact subgroup are obtained by the induction of the Bushnell-Kutzko type to the maximal compact subgroup.
Introduction
Let F be a non-Archimedean local field with ring of integers O F . We denote by W F the Weil group of F and I F is the inertia subgroup of W F . Let G(n) be the set of isomorphism classes of n-dimensional Frobenius semi-simple Weil-Deligne representations of W F . Let A(n) be the set of isomorphism classes of irreducible smooth representations of GL n (F ). The local Langlands correspondence (see [HT01] [Hen00]) gives a natural bijection between the sets A(n) and G(n). Let us denote this correspondence by rec F : A(n) → G(n). We partition the set A(n) = ∐ s∈B(n) A s (n) in such a way that, any two elements π 1 and π 2 in A s (n) satisfy res I F rec F (π 1 ) ≃ res I F rec F (π 2 ). We call elements s of B(n) as components. A typical representation for the set A s (n) is an irreducible representation τ of the maximal compact subgroup GL n (O F ) which satisfies the following conditions,
(1) If π is a smooth irreducible representation of GL n (F ) such that Hom GLn(O F ) (τ, π) = 0 then π ∈ A s (n). (2) The representation τ occurs as a sub-representation of res GL n (O F ) (π) for some π ∈ A s (n).
For any given s, in [BK99, BK93] , Bushnell and Kutzko constructed a pair (J s , λ s ) consisting of a compact subgroup J s and an irreducible representation λ s of J s which satisfies, Hom Js (λ s , π) = 0 if and only if π ∈ A s (n). For n = 2 and cardinality of the residue field is greater than 2, Henniart in [BM02, appendix] showed that all typical representations for A s (2) are precisely the sub-representations of ind GL 2 (O F ) Js (λ s ). Generalizing the work of Henniart, Paskunas in [Pas05] showed a similar result for the sets A s (n) consisting of supercuspidal representations and n ≥ 2. In this article for n = 3, we (using earlier results of Henniart and Paskunas on typical representations) complete the classification of typical representations for the sets A s (3) for all s ∈ B(3). We now state the main result of this article. 
are precisely the typical representations of A s (n).
Given any component s ∈ B(3), there exists a standard Levi subgroup M of GL 3 (F ) and a supercuspidal representation σ of M such that the set A s (3) consists of isomorphism classes of irreducible sub-quotients of i GL 3 (F ) P (σ ⊗ χ) for all unramified characters χ of M (see lemma 2.1). The components s for which M = G are considered by Paskunas in [Pas05] . In this article, we consider the cases when M is a proper subgroup of GL 3 (F ) and we call such components noncuspidal. If s is a non-cuspidal component, a classification of typical representations of A s (3) is equivalent to examining the sub-representations of GL 3 (O F ) occurring in a parabolic induction i GL 3 (F ) P (σ). The explicit decomposition of a parabolic induction as irreducible representations of the maximal compact subgroup GL 3 (O F ) is unknown for a general component s ∈ B(3). In this article we obtain a reasonable decomposition of a parabolic induction and compare such decompositions to obtain a classification of typical representations.
1.1. Acknowledgements. This article is a part of my thesis. I thank my thesis advisor Prof. Guy Henniart for suggesting this problem, numerous discussions and his comments on earlier versions of this article.
Notations and Preliminaries
Let M(G) be the category of smooth representations of a locally profinite group G. Let F be a non-Archimedean local field with ring of integers O F and residue field k F of cardinality q. We denote by |.| F the normalized valuation on F . Let P be a parabolic subgroup of a reductive group G defined over F . Let M be a Levi-subgroup of P and N be the unipotent radical of P (the groups G, P , M and N are the set of F -rational points of corresponding underlying group schemes). We denote i G P (σ) for the normalized induction functor, c-ind G H will be the compact induction functor for any closed subgroup H of G and res H will be the restriction functor. Let τ be a representation of a subgroup H of G then, τ g will be a representation of the group gHg −1 defined by τ g (h) = τ (g −1 hg). We distinguish the exterior and interior tensor product of representations by the notations ⊠ and ⊗ respectively.
We now recall some standard results and definitions from Bernstein Decomposition and Bushnell-Kutzko's theory.
It follows from Frobenius reciprocity that, every irreducible smooth representation of the group G is a sub-representation of i G R (σ), for some parabolic subgroup R of G and σ is a supercuspidal representation of a Levi-subgroup L of R. The pair (L, σ) is determined up to G-conjugacy.
Define an equivalence relation on the pairs (L, σ) consisting of a Levi-subgroup of G and a supercuspidal representation of L by setting, (L 1 , σ 1 ) ∼ (L 2 , σ 2 ) ⇔ there exists a g ∈ G such that L 1 = gL 2 g −1 and σ 1 ≡ σ
where χ is an unramified character of the group G. An unramified character of a general reductive group over F is a character which is trivial on the intersection of the kernels of rational characters composed with the standard norm on F . We denote by [L, σ] the equivalence class (also called as inertial classes) represented by the pair (L, σ). Let B(G) be the set of inertial classes for the group G. If an irreducible smooth representation π of G occurs in i G R (σ) such that L is a Levi subgroup of R and σ is an irreducible cuspidal representation of the group L, then [L, σ] is called the inertial support of π this is well defined since the pair (L, σ) is determined up to G-conjugacy. Define the full subcategory M s (G) consisting of smooth representations whose irreducible sub-quotients have inertial support s. Bernstein has shown that the category M(G) admits the following decomposition
See [Ren10, Chapter 6] for details. Now we specialize to the case when G = GL n (F ). The next lemma shows that B(n) and B(GL n (F )) coincide.
Lemma 2.1. Let π 1 and π 2 be two irreducible smooth representations of GL n (F ) then,
, where Q(∆ 1 , ∆ 2 , . . . , ∆ r ) is the Langlands quotient and
F ] are segments. Now by the construction of the Langlands correspondence from the supercuspidal representations we have,
Let r 1 and r 2 are two Frobenius semi-simple Weil-Deligne representations. It follows from Frobenius reciprocity that,
If r 1 and r 2 are two irreducible representations of W F we observe that, Hom I F (r 1 , r 2 ) = 0 implies r 1 ⊗ χ ≃ r 2 for some unramified character χ of W F . Let V i be an underlying vector space for rec F (π i ) and V i (r) be the maximal invariant subspace of V i with all its irreducible sub-representations isomorphic to r ⊗ χ for some unramified character χ of W F . We have V i = ⊕ r V i (r) for i ∈ {1, 2}. From our earlier observation, each summand V i (r) is a direct sum of some isotypic components of I F occurring in V i . We note that dimensions of V 1 (r) and V 2 (r) are the same if and only if I(π 1 ) = I(π 2 ). Since r ⊗ χ and r are isomorphic as representations of the inertia group I F for any unramifed character χ of W F , r 1 and r 2 are isomorphic as I F representations if and only if V 1 (r) and V 2 (r) have the same dimensions.
Bushnell and Kutzko identify the category M s (G) with a module category over a spherical Hecke algebra H(G, λ s ), where λ s is an irreducible representation of a compact subgroup J s . The equivalence is given by the following functor from M s (G) and H(G, λ s )-modules,
The pair (J s , λ s ) is called the Bushnell-Kutzko type for the component s. The equivalence implies that pair (J s , λ s ) satisfies the following condition. For any irreducible smooth represen-
Definition 2.1 (typical representation). We call a representation τ s of GL n (O F ) typical for a component s if it satisfies the following conditions.
(1) There exists an irreducible representation
The previous definition is given by Henniart [BM02, Définition A.1.4.1] in the context of the inertial local Langlands correspondence for the group GL 2 (F ). The typical representations for the group GL 2 (F ) are classified by Henniart for all components of GL 2 (F ). Paskunas has shown that up to an isomorphism there exists a unique typical representation for any supercuspidal component for the group GL n (F ). If (J s , λ s ) is a type constructed by Bushnell and Kutzko for the component s = [M, σ], P is any parabolic subgroup containing M as a Levi subgroup then from the compatibility of the parabolic induction functor and the equivalence defined in (4) we get the identity,
. We refer to [Dat99, Section 1.5] for the proof of the above isomorphism. Now Mackey decomposition applied to the restriction of c-ind G Js (λ s ) to GL n (O F ), shows that all irreducible sub-representations of ind
occur as typical representations. The sub-representations of (5) are classified by Schneider and Zink in [SZ99, Section 6, T K,λ functor]. We expect that the sub-representations of (5) are the only possible typical representations for any component unless the cardinality of the residue field is less than n.
In this article we have chosen to show the above for non-cuspidal components of GL 3 (F ). Let P be the standard parabolic subgroup of GL 3 (F ) of type (2, 1) and M, N be the standard Levi-subgroup and the unipotent radical of P respectively. We denote by B the standard Borel subgroup of GL 3 (F ) and T, U be the maximal torus and unipotent radical of B respectively. We now recall the construction of the Bushnell-Kutzko type (J s , λ s ) for the components [M, σ ⊠ χ] and [T, χ]. The types for these components are constructed in two steps. The first step is to construct a simple type for the supercuspidal representation of the Levi subgroups M or T in our case. The second step is constructing a type for s, by a construction called G-cover. The Bushnell-Kutzko type for a general Levi subgroup is the product of supercuspidal types for general linear groups. In our case, when
The pair (J, λ) is a type for the supercuspidal representation σ of GL 2 (F ). For our present purpose, we need the groups J explicitly so, we first recall the construction of this pair (J, λ) and then directly describe G-covers or the Bushnell-Kutzko types for the non cuspidal component s ∈ B(GL 3 (F )).
We begin with a lattice chain L in a 2 dimensional vector space V over F , by which me mean a decreasing sequence of lattices {L i : i ∈ Z} in V which is stable under the action of F × . This is equivalent to saying that the sequence of lattices satisfy the following periodicity relation
for some e(L) ∈ Z. It now follows that the integer e(L) is either 1 or 2. A (left) hereditary order in M 2 (F ) is an O F order A in A = M 2 (F ) such that every (left) A lattice is projective over A and without loss of generality let us always consider left hereditary orders. Such hereditary orders are in bijection with the set of lattice chains in V . The bijection is given by setting a lattice chain to the ring of endomorphisms of V which preserve the order of the sequence i.e.
The Jacobson radical P of the ring A is given by End
We define the following filtration of compact subgroups in GL 2 (F ).
U 0 (A) = A × = U (A) and U i (A) = I + P i . Let κ(A) be the G-normalizer of A. Fix an additive character ψ which is trivial on P F . We define an additive character ψ A of A, by setting,
We quote the following proposition from [BH06, Proposition 12.5].
Proposition 2.2. Let A be a hereditary order in A with radical P and let ψ be a character (of F) defined above then we have
(1) For all n ∈ Z, we have (P n ) ⋆ = P 1−n .
(2) Let m, n be two integers such that 2m + 1 ≥ n > m ≥ 0. Then we identify the following groups
The above isomorphism is given by a → ψ(tr A (a(x − 1))) := ψ a .
The following field theoretic data called simple strata is used to define parameters defining a cuspidal representation.
Definition 2.2. Simple Strata
The triple (A, n, α) is called a simple strata if the following conditions are satisfied
(1) α ∈ P −n .
(2) α + P 1−n does not contain any nilpotent element. (3) If e(A) = 1 then the characteristic polynomial of ̟ n α mod P is an irreducible polynomial. If e(A) = 2 then we require n is odd.
From [BH06, Proposition 13.4 and 13.5] simple strata satisfy the following properties.
Proposition 2.3. If (A, n, α) is a simple strata then we have, (1) The element α generates a field over F and
The elements α satisfying (1) and (2) in the above proposition are called minimal elements. We refer to [BH06, section 13.5] for a complete treatment. Given a simple strata (A, n, α), we define the group Definition 2.3. Cuspidal type: A cuspidal type in GL 2 (F ) is a triple (A, J, Λ), where P is a hereditary order in M 2 (F ), J is a subgroup of κ(A) and Λ is an irreducible representation of the group J, and the triple (A, J, Λ) is one of the following kinds.
(
Λ is a supercuspidal representation of the group GL 2 (k F ) considered as a representation of the maximal compact subgroup by inflation. (2) There is a simple strata (A, n, α), n ≥ 1, such that J = J α and Λ ∈ C(ψ α , A). 
. Now σ is either a supercuspidal representation of level zero or there exists a simple stratum (A, n, α) corresponding to a cuspidal type (A, J, Λ) of σ. Now define an integer
The Bushnell-Kutzko type is a pair (J s , λ s ) where the compact open subgroup J s and an irreducible representation λ s of J s satisfy the following.
(1) The group J s satisfies Iwahori decomposition with respect to the unipotent subgroups N u and N l , the upper and lower unipotent subgroups with respect to P respectively. In other words the natural map,
and J ∩ N l and J ∩ N u are both contained in the kernel of λ s . We refer [BK99, Section 8.3.1] for the construction of the above group J s . Similarly for the component s = [T, χ = χ 1 ⊠ χ 2 ⊠ χ 3 ], the Bushnell-Kutzko type is a pair (J s , λ s ) which satisfies the Iwahori decomposition with respect to the upper and lower unipotent subgroups U u and U l with respect to the standard Borel subgroup B. The representation λ s is trivial on the subgroups J s ∩U l and J s ∩U u and res J∩T (λ s ) = χ. The subgroup J ∩U u = U u (O F ) and J ∩ U l is given by the following group :
We refer [BK99, Section 8.4] for the above construction. Let P (m) be the set of matrices in GL 3 (O F ) whose reduction mod P m F belongs to the subgroup
. If (J 0 , Λ) be a simple type for the supercuspidal representation σ of GL 2 (F ), then the principal congruence subgroup of level k(s) is contained in the kernel of τ M . This is immediate when σ is of level zero and in general the restriction of the representation Λ to the group U [n/2] (A) is a multiple of ψ α which itself vanishes on U n (A). This shows that the principal congruence subgroup of level k(s) is contained in the kernel of ind
With this setting we have the following lemma.
Lemma 2.5. Let s = [M, σ ⊠ χ] be a component of the group GL 3 (F ) and (J s , λ s ) be a type for the component s then,
Proof. We first show that the induction of the type (J s , λ s ) to the group P (k(s)) and the extension of ind
Where λ s is the G-cover of the type (J 0 ×O × F , Λ⊠χ). The groups J s and P (k(s)) satisfy Iwahori decomposition with respect to the unipotent groups N u and N l . From the description of the G-cover in (7), we have the following surjective map induced by the inclusion map of
Hence the restriction map Φ is injective. To prove the surjectivity, we need to show that the above map i is an isomorphism. If two cosets
This shows that i is a bijection and hence the map Φ is an isomorphism of vector spaces. To show that Φ is a map of representations, we need to check the following commutative relation.
For all n − , m and n + in P (k(s)) ∩ N l , P (k(s)) ∩ M and P (k(s)) ∩ N u respectively. We first show that the groups P (k(s)) ∩ N u and P (k(s)) ∩ N l act trivially on both sides of the map Φ. The representation on the righthand side by definition satisfies this and for the left hand side we use the bijection i in (10). The groups P (k(s)) ∩ N u and P (k(s)) ∩ N l are normalized by coset representatives coming from the map i and the fact that J ∩ N u and J ∩ N l are in the kernel of λ s implies that the groups P (k(s)) ∩ N u and P (k(s)) ∩ N l act trivially on the left hand side.
We are reduced to show that
Since the map Φ is the restriction to M (O F ) and
commutes with Φ. This shows that Φ is an isomorphism. The isomorphism in lemma (2.5) follows from the transitivity of induction functor.
Classification of typical representations for
The GL 2 (O F )-typical representations for cuspidal representations of GL 2 (F ) are classified by Henniart in [BM02, Appendix] . We use this result of Henniart to reduce the problem of classification of typical representations for s in a specific series of finite dimensional representations of GL 3 (O F ). Then we use an inductive argument to complete the classification. We state the next two lemmas in full generality.
Let P be a standard parabolic subgroup with the standard Levi subgroup 
The following lemma is due to Will Conley from his thesis.
(11) Let us suppose that ρ occurs in the above representation with j i > 0 for some i = N . The representation Γ j i occurs as a K n i sub-representation of σ ′ i which is not inertially equivalent to σ i . Consider the components [M, σ] and [M, σ ′ ], where σ ′ is obtained by replacing σ i by σ ′ i in the tensor factorization of σ. These two components are not inertially equivalent since the multiplicity of σ i in the multi set {σ 1 , σ 2 , . . . σ ′ i . . . σ r } is one less than {σ 1 , σ 2 , . . . σ i . . . σ r }. Now we have the decomposition,
From the uniqueness of typical representations for super-cuspidal representations, (see [Pas05] ) we know that there exists a
Hence ρ occurs as a K n sub-representation of res Kn i GLn P (σ ′ ). This is a contradiction to the assumption j N > 0 and we conclude the proof.
With the same notations at the beginning of lemma 3.1, let {H i : i ≥ 1} be a decreasing sequence of open subgroups of the maximal compact subgroup K n , which satisfy Iwahori decomposition with respect to the parabolic subgroup P and i≥1 H i = K n ∩ P . Let τ be a finite dimensional representation of the group M (O F ). We assume that τ extends to a representation of H i for all i ≥ 1, such that H i ∩ N u and H i ∩ N l are in the kernel of τ . Proof. Any element f on the right hand side is a function f :
f is constant on some principal congruence subgroup say K n (m). Now there exists an i such that H ∩ N l ⊂ K n (m). Now for such a choice of i and h ∈ H i write h = h − h + where h + ∈ K n ∩ P , h − ∈ H i ∩ N l and we can do so by Iwahori decomposition. Now
Remark 1. The reader might find heavy assumptions on the set of groups {H i }. Even with these set of assumptions, we have plenty of choice for such a sequence of groups. As an example we consider the groups P (i) the subgroup of matrices in the maximal compact subgroup K n whose reduction mod P i F lie in P (O F /P i F ). The freedom is the appropriate choice of H i ∩ N l . For example, this will be useful later in the case of principal series components.
We return to our special case when P is (2, 1) standard parabolic subgroup and M be the standard Levi-subgroup of P . Let P (m) be the groups as defined in the remark (1). Let
With this notations and by lemma (3.2) we have
Now observe that,
The classification of typical representations is now reduced to finding typical representations occuring as sub-representations of
for all m ≥ k(s). We show by induction on m that all GL 3 (O F )-typical representations are contained in the representation ind
P (m+1) (id) will play a crucial role in the induction step. We prove some lemmas in this direction.
Lemma 3.3. The restriction of the representation ind
The character η i occurs with multiplicity one for all 1 ≤ i ≤ q 2 . The characters η i are trivial on P (m + 1) ∩ N l .
Proof. We write down the Iwahori decomposition of the group P (m) = (P (m) ∩ N u )(M ∩ P (m))(P (m) ∩ N l ) and this can be rewritten as P (m + 1)(N l ∩ P (m)). Hence by Mackey decomposition we have,
The first part of the lemma now follows from Frobenius reciprocity and second part follows from the fact that P (m + 1) ∩ N l is normal in P (m + 1) ∩ N l .
A more subtle issue is the action of N u ∩P (m) on the representation ind P (m) P (m+1) (id). Intuitively the action must be trivial and we prove this in the next lemma.
Lemma 3.4. For all m ≥ 1, the group N u ∩ P (m) acts trivially on ind
Proof. The coset representatives for the quotient P (m)/P (m + 1) are given by coset representatives of N l ∩ P (m)/N l ∩ P (m + 1). This is a consequence of Iwahori decomposition. Now take an element
from the group N u ∩ P (m) and let
The above element is contained in the group P (m + 1). This shows that the action of the group N u ∩ P (m) is trivial on ind 
For some irreducible representations {U j } of N S(m) (η j ) and η j are representatives of the orbit for the action of the group S(m). Now applying lemma 3.3 we get that identity representation occurs with a multiplicity one in the summation (15). Since N u ∩ P (m) acts trivially on the representation ind P (m) P (m+1) (id), each of the summands on the right hand side of (15) extends to a representation of the group P (m). More explicitly, we begin by noting that the group K(m + 1)(P (m) ∩ N u ) is a normal subgroup of P (m) by the calculation of n −1 n + n − in lemma 3.4 (K(m + 1) is the principal congruence subgroup of level m + 1). This gives the following surjective map
The above surjective map extends the representation ind
) to a representation of the group P (m). In our case we have only two orbits for the action of group M (O F ) one containing only id and the other containing all non trivial characters η i of N l ∩ P (m) which are trivial on N l ∩ P (m + 1). Fix one nontrivial character η from lemma 3.3 and the decomposition (16) can be simplified as
Clearly the decomposition does not depend on the choice of the character η.
3.1. Induction argument. To find GL 3 (O F ) typical representations in i G P (σ ⊠ χ) we are reduced to examining the GL 3 (O F )-representations occurring in ind
Proof. By the lemmas 3.1, 3.2, we know that any GL 3 (O F ) typical representation occurs in the representation
for some i ≥ 0. Now using induction on the variable i, we show that they all occur in (17). For i = 0, the theorem is true by default. Let us suppose that any GL 3 (O F ) typical representation intertwining with V N is a sub-representation of V 0 for some integer N ≥ 0. We have to show that the same holds for V N +1 . As noticed earlier in (13), we rewrite V N +1 as
To simplify the notation, let k(s) + N = r. Now we use the description of the representation ind P (r) P (r+1) (id) as in the decomposition (16) to rewrite V N +1 as,
Now depending on the type of representation σ, a level zero, ramified or unramified supercuspidal representation we show the following lemma.
Lemma 3.6. Let η be a non trivial character of P (r) ∩ N l which is trivial on P (r + 1) ∩ N l . The P (r) representation
N S(r) (η) (U ) decomposes as a direct sum of representations γ k , such that γ k occurs as a sub-representation of
We first complete the proof of the theorem 3.5 using the above lemma. Suppose that ρ is a GL 3 (O F )-typical representation occurring in V N +1 then from the decomposition (18), it either occurs in V N or in ind
N S(r) (η) (U )}. Suppose it occurs in V N by induction step we complete the proof of the theorem. If ρ occurs in the later representation, then lemma 3.6 shows that it occurs as a sub-representation of ind
(γ k ) for some k. By lemma 3.6 the representation ind
We observe from the decomposition (18) that the above representation occurs in the correspond-
This shows us that representation in (19) occurs in res GL
This shows that a typical representation ρ occurring in V N +1 has to occur as a sub-representation of V N . Using induction hypothesis we conclude that ρ occurs as a sub-representation of V 0 and this completes the proof of the theorem 3.5.
We begin the proof of the lemma 3.6. In the proof of the lemma 3.6 we use a technique due to Henniart in [BM02, section A.3.5] and partially a technique due to Paskunas in [Pas05, section 6]. We break the proof into three cases depending on σ is level zero, unramified and ramified super-cuspidal representation. To begin with we first bound the reduction mod P F of N S(m) (η) for some character η = id. We know that N l ∩ P (m) is contained in N S(m) (η) so we are reduced to understand the action of the group M (O) on the set of characters of
Lemma 3.7. There exists a M (O F )-equivariant isomorphism of the following groups
Proof. We can identify the group (P (m) ∩ N l )/(P (m + 1) ∩ N l ) with M 2×1 (k F ) via the map 1 + n → n. The lemma follows if we construct a M (O F )-equivariant map from M 2,1 (k F ) and M 2,1 (k F ). For this we first fix an isomorphism of M 3×3 (k F ) with its dual by setting a matrix A to a character sending X ∈ M 3×3 (k F ) to ψ • tr(AX) for some non trivial additive character ψ of k F . The matrices n l := M 2×1 (k F ) can be considered as upper nilpotent matrices in the group M 3×3 (k F ) by inclusion i. Let n l be the lower nilpotent matrices of size 2 × 1. Now the following composition of maps gives us the required isomorphism.
To verify that the composition is M (O F )-equivariant, we need to check the identity,
for all m ∈ M (O F ), n + ∈ n u and n − ∈ n l . Which follows since tr(AB) = tr(BA).
Lemma 3.8. Let M be the standard Levi subgroup of the parabolic subgroup P andη be a non trivial character of (N l ∩ P (m))/(N l ∩ P (m + 1)). Then the reduction mod P F of the group
Proof. From the lemma 3.7, the stabilizer of η is the same as the stabilizer of a non trivial element in M 2×1 (k F ). Since there are only 2 orbits for the action of the group M (O F ), we can assume that this non trivial element is (0, 1). The M (O F ) stabilizer of (1, 0) after reduction mod P F is exactly the group as in (20).
We now return to the proof of lemma 3.6. Let (A, J, Λ) be a cuspidal type for σ as in definition 2.3. For the proof of the lemma 3.6, we may assume that the triple (A, J, Λ) satisfies either (1) or (2) as in definition 2.3. First consider components s = [M, σ ⊠ χ], where σ is a level zero supercuspidal representation of the group GL 2 (F ). Now rewrite the representation (τ ⊠ χ) ⊗ ind
Since τ is level zero representation, the restriction to N S(r) (η) is determined by its reduction mod P F . The supercuspidal representations of the group GL 2 (k F ) are parametrized by the set of characters {θ : k × → C × |θ q = θ} where, k is a quadratic extension of k F . Let π θ is a supercuspidal associated to θ. The representations π θ 1 and π θ 2 are isomorphic if and only if θ 1 = θ 2 or θ 1 = θ q 2 . We refer to [BH06, Theorem 6.4] for the proofs of these results. From the above description we deduce that there are (|k F | 2 − |k F |)/2 distinct isomorphism classes of supercuspidal representations of GL 2 (k F ). If |k F | > 2, then we have at least 3 distinct supercuspidal representations of GL 2 (k F ). The restriction of a supercuspidal representation to the Borel subgroup is determined by the central character alone because of the fact that its restriction to the mirabolic subgroup,
is always isomorphic to the same irreducible representation of the group M ir 2 . Now take a supercuspidal representation τ 1 of the group GL 2 (k F ) which is not isomorphic to τ . We consider it as a representation of GL 2 (O F ) by inflation. We set χ 1 to be the character ̟ τ ̟ −1 τ 1 χ. The restriction of the representations τ ⊠ χ and τ 1 ⊠ χ 1 to N s(m) (η) for η = id is determined by its reduction mod P F . The reduction mod P F of the group N S(m) (η) for η = id is of the from (20). The group in (20) is of the form is not isomorphic to τ . This shows the lemma 3.6 for this particular case.
We next consider the components s = [M, σ ⊠ χ], where σ contains a cuspidal type (A, J α , λ) corresponding to the simple strata (A, n, α). We have to consider two cases according to n is even or n is odd. Let us first consider the case when n is even. This is similar to the level zero case. The group J 0 α is O × E U n/2 (A). The typical representation τ of σ is given by
Following the previous case, rewrite (τ ⊠ χ) ⊗ ind S(r) N S(r) (η j ) (U j ) as in (21). Now lemma 3.8 shows that M ∩ N S(m) (η) is contained in some M (O)-conjugate of the following group.
Let I 2 be the Iwahori subgroup of GL 2 (F ). We produce another supercuspidal representation σ 1 such that the typical representations τ of σ and τ 1 of σ 1 have isomorphic restriction to I 2 . To do this consider the restriction of τ to the Iwahori subgroup I 2 . We use Mackey decomposition to get the restriction to the group I 2 i.e.
Let us consider a summand from the above decomposition corresponding to a fixed u. We produce λ 1 ∈ C(A, ψ α ) such that res
The representation λ is an extension of an irreducible representation of the group
Note that E is a quadratic unramified extension of F . Now choose a non trivial character θ of k × E which is trivial on k × F . We have |k F | + 1 such characters. Now set λ 1 = λ ⊗ θ andλ 1 be an extension of this representation to E × U [(n+1)/2] (A).λ 1 lies in C(A, ψ A ). Now (J 0 α , λ 1 ) is a type for another supercuspidal representation σ 1 . If that σ 1 is inertially equivalent to σ then, the representationsλ andλ 1 intertwine in G and hence by [BH06,  proposition 2 section 15.6] they are equivalent. The two representations λ 1 and λ cannot be equivalent since the dimension of the representation λ is a power of p and the order of the non trivial character θ divides |k F | 2 − 1. Now let τ 1 be the typical representation of σ 1 then,
. This concludes the claims of the lemma in this case. Now we consider the case when n is odd i.e, σ is a ramified supercuspidal representation of GL 2 (F ). This case is different from the previous two cases we will use the fact that the reduction mod P F of N S(m) (η) has a maximal torus of dimension 2. Let s = [M, σ ⊠ χ], where σ contains a maximal simple type (J 0 α , λ) corresponding to a simple strata (A, n, α), where n is odd. As in the previous case, first consider
Since M ∩ N S(m) (η) is contained in the subgroup of the form (22). The group (22) is a subgroup of I 2 × O × F . So we first consider the restriction of the typical representation τ to I 2 . We have,
The element w is the non trivial element in the standard permutation matrices in M 2 (F ). In the previous cases we identified the representation (τ ⊠ χ) ⊗ ind
(U ). So there was only one γ k in the lemma 3.6. In this case we will have two γ k corresponding to summands above. Define
Since |k F | > 2, we may and do chose a non trivial level zero character κ of F × and define the following characters on the group I 2 given by,
If we choose η corresponding to (0, 1) in the isomorphism 3.7, the subgroup M ∩ N S(m) (η) is contained in a subgroup as in (22). Then we have,
Now the representations λ ⊗ κ u and λ ⊗ κ l extend to representations of the groups J α = E × U [(n+1)/2] (A). Let us call these extensions by λ 1 and λ 2 respectively. Since κ is level zero character of F × , we know that λ 1 and λ 2 both lie in C(A, ψ α ). Let σ 1 and σ 2 be two supercuspidal representations corresponding to cuspidal data (A, J α , λ 1 ) and (A, J α , λ 1 ) respectively. Let τ i , i ∈ {1, 2} be typical representations of σ i , i ∈ {1, 2} respectively. The decomposition (23) can be applied to the typical representations τ i , i ∈ {1, 2} and we deduce that γ k , k ∈ {1, 2} occur as sub representations of (τ i ⊠ χκ −1 )(ind With the tools developed so far, we conclude that the following theorem holds.
Theorem 3.9. Let |k F | > 2 and s = [M, σ ⊗ χ] be an element in B(GL 3 (F )). Let (J, λ) be a type constructed by Bushnell and Kutzko in [BK99] . Then up to isomorphism there exists a unique GL 3 (O F ) typical representation for this component. The typical representation is given by
and this representation occurs with multiplicity one.
Proof. Except for the irreducibility of the representation (24) the other results follow as a consequence of (8), (9), lemmas 3.1, 3.2, 3.3 and theorem 3.5. The irreducibility follows from the GL 3 (F )-intertwining of the G-cover from [BK98, Theorem 12.1].
Principal series components
In this section we will classify typical representations for principal series components. Let B be the set of F rational points of the standard Borel subgroup B of GL 3 and T be the set of F rational points of the maximal torus T of B. In this section we always assume that the cardinality of the residue field k F is greater than 2. Let χ i for 1 ≤ i ≤ 3 be three characters of F × and χ = χ 1 ⊠ χ 2 ⊠ χ 3 be a character of T . Let s = [T, χ 1 ⊠ χ 2 ⊠ χ 3 ] be a principal series component in B(GL 3 (F )). In section (1) we described a type (J s , χ) constructed by Bushnell-Kutzko for these principal series component s. The group J s consists of matrices of the form,
F and b, c, e ∈ O F . The positive integers n i for 1 ≤ i ≤ 3, satisfy n 3 ≤ max(n 1 , n 2 ), n 1 ≤ max(n 2 , n 3 ) and n 2 ≤ max(n 3 , n 2 ). We may arrange the characters χ i in such a way that n 3 is the maximum value among n 1 , n 2 and n 3 . This will be required in the proof of lemma 4.4.
Define B(i) to be the set of matrices in
where a, d, f ∈ O × F and b, c, e ∈ O F . The inequalities on these numbers n i are sufficient for the above set to form a subgroup of GL 3 (O F ). This can be deduced directly in our case and also from the theory of convex functions on the set of roots due to Bruhat and Tits. These groups also satisfy the Iwahori decomposition with respect to the diagonal torus T . We refer to [Roc98, Section 3, Lemma 3.2] for precise statements. As in the previous situation we use induction on the integer i to prove the main theorem of this section. Now we apply lemma 3.2 for subgroups H i = B(i) for all i ≥ 0 and rewrite res
Theorem 4.1. Let s = [T, χ] be a component in B (GL 3 (F ) ). If ρ is a typical representation for this component then it occurs as a sub-representation of
We prove the theorem using a sequence of lemmas. We begin with a lemma similar to that of 2.5.
Remark 2. From the description of Buhnell-Kutzko type for principal series components, we notice that the types for s = [T, χ] and s ′ = [T, αχ] for some character α of GL 3 (F ) are given by (J s , χ) and (J s , αχ). To prove theorem 4.1 for s, it is enough to prove the theorem for s ′ .
Lemma 4.2. Let B(i) be subgroups defined as in (25) and integers n 1 , n 2 and n 3 are also fixed from the same definition. Let B 2 (i) be the following subgroup of
then the representations ind
B(i) (χ) and {ind
B 2 (i) (χ 1 ⊠ χ 2 )} ⊠ χ 3 (the later representation is considered as a representation of B 21 (i) by extension) are isomorphic.
Proof. The proof is similar to that of the lemma 2.5. We define the map Φ as the restriction map of functions on B 21 (i) to the group B 2 (0). From Iwahori decomposition we have the following bijection of sets given by natural inclusion of B 2 (0) in B 21 (i).
The map Φ is B 21 (i)-equivariant on the above two spaces since the groups N l ∩ B 21 (i) and N u ∩B 21 (i) act trivially on both the representations. This is due to coset representatives coming from the map (26). So we are reduced to checking it on M ∩ B 21 (i) which follows again by definition of the map Φ.
The next lemma gives a partial elimination of representations which are not typical. From Frobenius reciprocity we deduce that the representation ind 
Proof. We decompose the representation
We now show that U (χ 1 , χ 2 ) = U (χ 1 κ, χ 2 κ −1 ) for any tame character κ on F × . To see this we use the push-forward and pullback trick as before,
Until the end of this proof, let N u and N l be the upper and lower unipotent matrices in GL 2 (F ) respectively. We can verify that N u ∩ B 2 (i) acts trivially on ind
B 2 (i+1) (id). At the same time group N l ∩ B 2 (i) decomposes as sum q distinct characters η i for 1 ≤ i ≤ q which are trivial on N l ∩ B 2 (i + 1) and id occurs with multiplicity one. Define S(i) = (T ∩ B 2 (i)) ⋊ (N l ∩ B 2 (i)). Now by Clifford theory we can write,
where η = id is a representative for the orbit distinct from id, under the action of T ∩ B 2 (i) on the set of characters η i and U is an irreducible representation of the group N S(m) (η). Since the reduction mod P F of T ∩ N S(m) (η) is contained in the center of GL 2 (k F ), we have res N S(m) (η) (χ 1 ⊠ χ 2 ) = res N S(m) (η) (χ 1 κ ⊠ χ 2 κ −1 ) for any tame character κ of F × and η = id. This implies that
Now using induction on i we show that U i (χ 1 , χ 2 ) ≃ U i (χ 1 κ, χ 2 κ −1 ). This statement is true for i = 0, since U 0 (χ 1 , χ 2 ) is zero. Suppose we know this statement for i = N . We also have,
{U ((χ 1 , χ 2 ) ⊠ χ 3 }. Since the former representation also occurs in res
If |k F | is greater than 3, we can always find a character κ such that {χ 1 , χ 2 , χ 3 } = {χ 1 κ, χ 2 κ −1 , χ 3 }. Now we rewrite the representation V i in a convenient way as,
Before going any further we will study the representation ind
B 21 (i+1) (id). We would like to obtain results similar to lemmas 3.3 and 3.4. Without conflict of notations, let B = T U be the standard Borel subgroup and P = M N be the standard parabolic subgroup of type (2, 1). Let N l , U l and N u , U u be lower and upper unipotent groups of P and B respectively. The result 3.4 seems to be valid only when the unipotent group N is abelian. 
Let n + ∈ N u ∩ B 21 (i) be of the form
Since by construction of the group B 21 (i) we assumed that n 3 ≥ n 1 , we have
This shows that N u ∩ B 21 (i) acts trivially on the representation ind Now we have the decomposition of the representation res S(i) {ind
where η j are representatives for the orbits distinct from id, under the action of M ∩ B 21 (i) on the set of characters η k in lemma 4.5 and U j is an irreducible representation of N S(i) (η j ). By lemma 4.4 each of the summands extend to a representation of the group B 21 (i). For the induction step we need to bound the reduction mod P F of the group N S(i) (η j ). Proof. We can identify the quotient (
as in the lemma 3.7 the claim now follows since reduction P F of S(i) ∩ M is the product of standard Borel subgroup of GL 2 (k F ) and k × F . We use the results developed so far to complete the proof the theorem 4.1. Suppose ρ is a typical representation for the component s = [T, χ] occurring in V i . From lemma 4.3 we deduce that ρ is a sub representation of ind
(χ). Now we use induction on i to show that ρ occurs in ind
B 21 (0) (χ). The claim is true for i = 0. Suppose we assume that the claim is true for i = N . Now consider a typical representation ρ that occurs in ind
B 21 (N +1) (χ). Using the decomposition as in (27) we have,
Assuming that |k F | > 3, we can find a tame characters κ 1 and κ 2 of F × such that,
2 be two characters of T . Lemma 4.6 shows that res N S(N) (η j ) (χ) = res N S(N) (η j ) (χ ′ 1 ) or res N S(N) (η j ) (χ) = res N S(N) (η j ) (χ ′ 2 ) depending on a = e or d = e respectively as in lemma 4.6. Let us call either of these characters χ ′ 1 and χ ′ 2 by χ ′ and chose χ ′ among them depending on the cases a = e or d = e as in lemma 4.6. Hence we have ind
Since ρ is a typical representation of s = [T, χ] and s = s 1 = [T, χ 1 ], ρ cannot occur in the representation ind
B 21 (N ) (χ) and by induction hypothesis we have ρ occurs only as a sub representation of ind
where (J, χ) is the GL 3 (F ) cover of (T(O F ), χ). This completes the proof of the theorem 4.1 with |k F | greater than 3.
4.1. The case when |k F | = 3.
Let s = [T, χ = χ 1 ⊠ χ 2 ⊠ χ 3 ] be a principal series component of GL 3 (F ). Let η be the non trivial tame character of O × F . If the multi-sets {χ 1 , χ 2 , χ 3 }, {χ 1 , χ 2 η, χ 3 η}, and {χ 1 η, χ 2 η, χ 3 } are pairwise distict then, from the arguments of previous section, we can show theorem 4.1. If two of them are the same then we might assume that upto to a twist by a character of GL 3 (F ) the componet s = [T, id ⊠ η ⊠ χ 3 ]. Let m be the level of the character χ 3 . We observe that,
Let τ = ind
(id ⊠ η). Now using the decomposition,
as in equation (16), we furthur decompose the representation in equation (28) as follows
N S(m+i) (κ) (U )}. Now consider the second summand in the above decomposition and rewrite as,
If I 2 is the Iwahori subgroup of GL 3 (O F ) then we have,
where w is the non trivial permutation matrix of size 2. Observe that we have,
From the above calculations, using induction on i, we observe that the typical representations for s = [T, χ] can only occur in
if the multi-sets {id, η, χ 3 } = {id, id, χ 3 η} and {id, η, χ 3 } = {η, η, χ 3 }. If the first two are equal, we get χ 3 = id and equality of the later multi-sets gives, χ 3 = η. Hence in the case when |k F | = 3, except for the components [T, id⊠η ⊠id] and [T, id⊠η ⊠η], we can deduce the theorem 4.1. We may as well assume that the component we have to examine is s = [T, id ⊠ id ⊠ η]. The Bushnell-Kutzko type for this component is given by the pair (B(0), id ⊠ id ⊠ η). Note that B(0) in this case is the Iwahori subgroup of GL 3 (F ). Now, It is possible to understand the explicit decomposition of the above representation into irreducible summands of GL 3 (O F ) representations. We choose a model for W i as functions on the group GL 3 (O F ), we have an embedding W i ⊂ W i+1 .
Proposition 4.7. For all i ≥ 1, the representation W i+1 /W i is an irreducible representation of GL 3 (O F ). The representations W i+1 /W i and W j+1 /W j are distinct irreducible representations for all i = j.
Proof. We use Mackey decomposition to calculate the dimension of the spaces End GL 3 (O F ) (W i ). For this we need to fix some double coset representatives n i for P (i)\ GL 3 (O F ) /P (i). We can as well calculate the double coset representatives for P (R)\ GL 3 (R)/P (R), where R = O F /P i . We identify the space GL 3 (R)/P (R) with P 2 (R), where P 2 is the 2-projective space. The R points of this projective scheme can be identified with the projective coordinates [s 1 , s 2 , s 3 ]. Now define the sets A j = {[s 1 , s 2 , s 3 ]|s 3 ∈ P j \P j+1 } for all 1 ≤ j ≤ i − 1. Also define A i = {[s 1 , s 2 , s 3 ]|s 3 = 0}. We will show that A j for all 1 ≤ j ≤ i, are precisely the distinct orbits for the action of the group P (R).
Since P is a (2, 1) parabolic subgroup and 3 × 3 entry is always a unit, the sets A j for all 1 ≤ j ≤ i, are stable under the action of P (R). We observe that the sets A j for all 1 ≤ j ≤ i, contain distinct equivalence classes for the action of the group P (R). Now it is left to show that the group P (R) acts transitively on each of these sets. First consider the set A i and let S 1 and S 2 be two points in A i . We write S k = [S k0 , s k3 ] for k ∈ {1, 2} and let C = s This shows that P (R) acts transitivity on the set A i . If S 1 and S 2 are two points in the set A j with j = i, then S 10 and S 20 are non zero vectors mod P F and hence there exists a matrix A in GL 2 (R) which takes S 1 to S 2 . This shows that P (R) acts transitively on the sets A j with j > 0. Now the double coset representatives for the action of P (R) are given by the following list of matrices. The dimension of End(W i ) is, dim C End P (i) (id 2 ⊠ η) + dim C Hom P (i)∩P (i) w (id 2 ⊠ η, (id 2 ⊠ η) w )+ i−1 j=1 dim C Hom (P (i)∩P (i) n j ) (id 2 ⊠ η, (id 2 ⊠ η) n j ).
Each of the above terms is one except for the intertwining operators supported on w, they vanish. This shows the proposition.
We denote by U i (η) the irreducible representation W i+1 /W i . Let π be a generic representation of GL 3 (F ) with a conductor c(π) as defined in [JPSS81, Theorem section5]. Let ̟ π be the central character of the representation π. The conductor is the least non-negative integer i such that π has non-trivial fixed vectors for the action of the group K 3 (i). Here K 3 (i) is the group defined as in [JPSS81, Theorem of section 5]. We note that the group P (i) acts on such a space by the character id 2 ⊠ ̟ π . The dimension of the space π K 3 (i) is a strictly increasing function of i for all i ≥ c(π). This can be deduced from the results of [Ree91, Theorem 1 section 2.2]
Now proposition 4.7 shows that the representations U i (η) and U j (η) are distinct for i = j. From Frobenius reciprocity and the fact that the dimension of π K 3 (i) is a strictly increasing function of i, we get that U i (η) for all i ≥ c(π) − 1, occurs in any generic smooth representation π with central character η. The representation i This shows Theorem 4.1 in the case when |k F | = 3.
